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ar
X
iv
:1
90
9.
10
06
7v
1 
 [m
ath
.C
O]
  2
2 S
ep
 20
19
CONGRUENCES FOR GENERALIZED FROBENIUS
PARTITIONS WITH NONZERO ROW DIFFERENCE
KELSEY SCOTT
1. Introduction
We wish to extend Andrews’ [1] general principle to include arrays with
nonzero row difference and establish some congruences for these arrays. If
fA(z, q) = fA(z) =
∑
PA(m,n)z
mqn denotes the generating function for
the number of ordinary partitions of n into m parts subject to the set of
restrictions A, then the coefficient of zα in
fA(zq)fB(z
−1) =
∑
PA(m1, n1)z
m1qm1+n1
∑
PB(m2, n2)z
−m2qn2
is the generating function
ΦA,B,α(q) =
∞∑
n=0
φA,B,α(n)q
n
where φA,B,α(n) is the number of arrays of weight n = m1+n1+n2 wherein
(a1, a2, ..., am1) is a partition of n1 into m1 parts arranged in nonincreasing
order and subject to the set of restrictions A, and (b1, b2, ..., bm2) is a parti-
tion of n2 into m2 parts arranged in nonincreasing order and subject to the
set of restrictions B. We call α = m1 −m2 the row difference.
2. Generating Functions
It follows directly from the extension of Andrews’ principle that the co-
efficient of zα in
∞∏
λi=0
(1 + zq(λi+1) + ...+ zkqk(λi+1))(1 + z−1qλi + ...+ z−kqkλi)
is
Φk,α(q) =
∞∑
n=0
φk,α(n)q
n
where φk,α(n) is the number of arrays of weight n and row difference α
such that each nonnegative integer is repeated at most k times in each row.
Furthermore, the coefficient of zα in
∞∏
i=0
(1 + zqλi+1)k(1 + z−1qλi)k
1
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is
CΦk,a(q) =
∞∑
n=0
cφk,a(n)q
n
where cφk,α(n) is the number of arrays of weight n and row difference α such
that each nonnegative integer is taken from one of k copies of the integers.
We can index which copy of the integers an entry is taken from by thinking
of this as a coloring and denoting the color by a subscript from {1, 2, .., k}.
Next, we establish the formulas for the single variable generating functions
with fixed row difference.
Theorem 1. For any positive integer k and any integer α,
Φk,α(q) =
1
(q; q)k∞
∞∑
m1,m2,...,mk−1=−∞
(−1)αζm1(1−k)+m2(2−k)+···+mk−1(−1)+kα
× qm1
2+m22+···+m2k−1−α(m1+m2+···+mk−1)+
α2+α+
∑
1≤i<j≤k−1 mimj
2 .
where ζ = e
2ipi
k+1 .
Proof. We have that Φk,α(q) is the coefficient of z
α in
ε(z, q) =
∞∏
λi=0
(1 + zqλi+1 + · · ·+ zkqk(λi+1))(1 + z−1qλi + · · ·+ z−kqkλi).
From Andrews [1],
ε(z, q) =
1
(q; q)k∞
k∏
j=1
∞∑
mj=−∞
(−1)mj q(
mj+1
2
)zmj ζjmj .
where ζ = e
2pii
k+1 . Then, to get the coefficient of zα, we setm1+m2+· · ·+mk =
α, and solving for mk we obtain the desired formula. 
Theorem 2. For any positive integer k and any integer α,
CΦk,α(q) =
∑∞
m1,m2,...,mk−1=−∞
qQ(m1,m2,...,mk−1)
(q; q)k∞
where
Q(m1,m2, ...,mk−1) = m1
2 +m2
2 + · · ·+m2k−1
− α(m1 +m2 + · · ·+mk−1) +
α2 + α+
∑
1≤i<j≤k−1mimj
2
.
Proof. We have that CΦk,α(n) is the coefficient of z
α in
ϕk(z, q) =
∞∏
λi=0
(1 + zqλi+1)k(1 + z−1qλi)k
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Then, by the version of the Jacobi Triple Product in [1], we have
ϕk(z, q) =
1
(q; q)k∞
∞∑
m1,m2,...,mk=−∞
zm1+m2+···+mkq(
m1+1
2 )+(
m2+1
2 )+···+(
mk+1
2
).
To get the coefficient of zα, we set m1 +m2 + · · ·+mk = α. Then,
CΦk,α(q) =
1
(q; q)k∞
∞∑
m1,m2,...,mk−1=−∞
q(
m1+1
2 )+···+(
mk−1+1
2
)+(a−mk−1−···−m2−m1+1
2
)
=
1
(q; q)k∞
∞∑
m1,m2,...,mk−1=−∞
qm1
2+m22+···+m2k−1−α(m1+m2+···+mk−1)
× q
α2+α+
∑
1≤i<j≤k−1 mimj
2 .

Next, we establish product formulas for Φ2,−1(q) and CΦ2,−1(q) using the
generating functions in Theorems 1 and 2.
Corollary 1. For all nonnegative integers n,
Φ2,−1(q) =
∞∏
n=1
1
(1− q2n−1)2(1− q12n−8)(1 − q12n−6)(1− q12n−4)(1− q12n)
.
Proof. From Theorem 1 we have
Φ2,−1(q) =
1
(q; q)2∞
∞∑
m=−∞
(−1)−1ζ−m−2qm
2+m
=
−ζ−2
(q; q)2∞
∞∑
m=−∞
ζ−mqm
2+m.
By the Jacobi Triple products, we have
Φ2,−1(q) = −ζ
−2
∞∏
i=1
(1− q2i)(1 + ζ−1q2i)(1 + ζq2i−2)
(1− qi)2
= −ζ−2(1 + ζ)
∞∏
i=0
(1− q2i)(1 + ζ−1q2i)(1 + ζq2i)
(1− qi)2
=
∞∏
i=0
(1− q2i)(1 − q2i + q4i)
(1− qi)2
= Ψ2(q)
where Ψ2(q) is defined, and the remainder of the proof is given by Drake in
[2]. 
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Corollary 2. For all nonnegative integers n,
CΦ2,−1(q) =
∞∏
i=1
(1− q2i)(1 + q2i)(1 + q2i−2)
(1− qi)2
.
Proof. From Theorem 2, with k = 2 and α = −1, we have
CΦ2,−1(q) =
∑∞
m=−∞ q
m2+m∏∞
i=1(1− q
i)2
.
We apply the Jacobi Triple Product to obtain the desired formula. 
3. Congruences
Now, we will used the generating functions established in the previous
section to establish some congruences.
Theorem 3. For every nonnegative integer n,
φ2,−1(5n + 4) ≡ 0 (mod 5).
Proof. From Corollary 1,
Φ2,−1(q) =
∞∏
n=1
1
(1− q2n−1)2(1− q12n−8)(1 − q12n−6)(1− q12n−4)(1− q12n)
.
Then,
Φ2,−1(q) =
∞∏
n=1
(1− qn)3(1− q2n)(1− q12n−2)(1− q12n−10)
(1 − qn)5
≡
∞∏
n=1
(1− qn)3(1− q2n)(1− q12n−2)(1− q12n−10)
(1− q5n)
(mod 5)
=
∑∞
j=0 (−1)
j(2j + 1)q(
j+1
2 )
∏∞
n=1(1− q
2n)(1− q12n−2)(1− q12n−10)∏∞
n=1(1− q
5n)
=
∑∞
j=0(−1)
j(2j + 1)q(
j+1
2 )
∑∞
m=−∞ q
9m2−3m − q9m
2+9m+2∏∞
n=1(1− q
5n)
=
∑∞
j=0(−1)
j(2j + 1)q(
j+1
2 )
∑∞
k=0 akq
k2+k∏∞
n=1(1− q
5n)
where ak = 1 if k ≡ 0, 2 (mod 3) and ak = −2 if k ≡ 1 (mod 3).
So,
Φ2,−1(q) ≡
∑∞
j=0
∑∞
k=0(−1)
j(2j + 1)akq
(j+12 )+k
2+k∏∞
n=1(1− q
5n)
(mod 5)
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Then, we get a contribution to q5n+4 when(
j + 1
2
)
+ k2 + k ≡ 4 (mod 5)
or equivalently, when
(2j + 1)2 + 2(2k + 1)2 ≡ 0 (mod 5).
So 2j + 1 ≡ 2k + 1 ≡ 0 (mod 5). 
Theorem 4. For every nonnegative integer n,
cφ2,−1(5n + 4) ≡ 0 (mod 5).
Proof. From Corollary 2,
CΦ2,−1(q) =
∞∏
n=1
(1− q2i)(1 + q2i)(1 + q2i−2)
(1− qi)2
.
Then,
CΦ2,−1(q) =
∞∏
n=1
(1− qi)3(1− q2i)(1 + q2i)(1 + q2i−2)
(1− qi)5
≡
∞∏
n=1
(1− qi)3(1− q2i)(1 + q2i)(1 + q2i−2)
(1− q5i)
(mod 5)
=
∑∞
m=0(−1)
m(2m+ 1)q(
m+1
2 )
∑∞
j=−∞ q
j2+j∏∞
i=0(1− q
5i)
(mod 5)
So, we get a contribution to q5n+4 when(
m+ 1
2
)
+ j2 + j ≡ 4 (mod 5)
or equivalently,
(2m+ 1)2 + 2(2j + 1)2 ≡ 0 (mod 5)
So, (2m+ 1) ≡ 0 (mod 5), and therefore, cφ2,−1(5n + 4) ≡ 0 (mod 5).

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